A matching M in a graph G is uniquely restricted if no other matching in G covers the same set of vertices. We prove that any connected subcubic graph with n vertices and girth at least 5 contains a uniquely restricted matching of size at least (n − 1)/3 except for two exceptional cubic graphs of order 14 and 20.
Introduction
We consider simple, finite, and undirected graphs, and use standard terminology. A matching M in a graph G is uniquely restricted [5] if no other matching in G covers the same set of vertices. The maximum cardinalities of a matching and a uniquely restricted matching in G will be denoted by ν(G) and ν ur (G), respectively. While determining the matching number is tractable [9] , determining the uniquely restricted matching number is NP-hard [5] . In the present paper, we establish a tight lower bound on the uniquely restricted matching number in subcubic graphs of girth at least 5. The search for bounds in graphs of bounded degree and large girth is a common task for various hard graph invariants, cf. [1, 2, 6, 7, 10, 11] . In [4] we proved that
for a connected graph G of order n(G), maximum degree at most ∆ for some ∆ ≥ 4, and girth at least 5, and we conjectured that (1) also holds for subcubic graphs, which was recently confirmed for graphs of girth at least 7 [3] . In the present paper, we verify our conjecture except for two small graphs illustrated in Figure 1 . , respectively. We prove the following. Theorem 1. If G is a connected subcubic graph of girth at least 5 that is not isomorphic to H 1 or H 2 , then ν ur (G) ≥ n(G) − 1 3 .
In [3] Theorem 1 was proved for graphs of girth at least 7. For this, the authors proved that any subcubic graph G of girth at least 7 that is not cubic and not a tree satisfies
We will prove Theorem 1 with a similar approach. However, (2) does not hold for graphs of girth at least 5. Consider, for example, the graph G 1 that arises from a K 4 by subdividing each edge once. Hence, we need to enlarge the family of graphs that we exclude. For the definition of this family of graphs, we recall the Gallai-Edmonds Structure Theorem, cf. [9] .
Theorem 2 (Gallai-Edmonds Structure Theorem). Let G be a graph, let D G be the set of vertices that are not covered by some maximum matching in G, let
The following statements hold.
(i) D G−x = D G for every vertex x in A G .
(ii) Each maximum matching in G contains a perfect matching of G[C G ], a maximum matching of each component of G[D G ], and a matching connecting each vertex in A G to a vertex in D G .
Note that, for every tree T , the components of G[D T ] are isolated vertices, because every factorcritical graph is bridgeless. Let T be a tree such that each vertex in A T has degree at most 3. Let the forest
then T ′ has at most 3|A T | edges, and, if κ ≥ 2, then every component of T ′ sends an edge to C T within T , and T ′ has at most 3|A T | − κ edges. It follows that |D T | ≤ 2|A T | + 1 with equality only if κ = 1, every vertex in A T has degree 3, A T is independent, and C T is empty. By Theorem 2, we obtain
Let T be the set of all trees T with matching number
such that each vertex in A T has degree at most 3. Note that there are infinitely many such trees, cf. e.g. [8] .
The set of graphs B contains G 1 and 8 more graphs, which will be defined in the next section. At the moment, it is only important that those graphs have maximum degree 3, minimum degree 2, and between 2 and 6 vertices of degree 2. Let H be a graph in B, and let u 1 , . . . , u k be the vertices of degree 2 in H. For a tree T in T , let u be some vertex in D T with neighbors v 1 , . . . , v ℓ in A T , and suppose that k ≥ ℓ. We say that a graph G arises from T by replacing u by H if G arises from the disjoint union of T − u and H by adding the edges u i 1 v 1 , . . . , u i ℓ v ℓ for some ℓ distinct indices i 1 , . . . , i ℓ in [k] , where [k] denotes the set of positive integers at most k.
Let G be the set of graphs G that arise from a tree T in T by replacing some vertices in D T by graphs in B, see Figure 2 for an illustration. We call T the host tree of G. Furthermore, let G 3 be the set of cubic graphs of girth at least 5. For a set of connected graphs H, let κ G (H) be the number of components of G isomorphic to a graph in H. Theorem 1 is a consequence of the following more precise statement. Theorem 3. If G is a subcubic graph of girth at least 5, then
Since every graph in B has at least two vertices of degree 2, Theorem 1 follows immediately from Theorem 3 and G ∩ G 3 = ∅.
We close the introduction with a few basic results and notations. For a matching M in a graph G, let V (M ) be the set of vertices that are covered by M . Golumbic, Hirst, and Lewenstein [5] observed that a matching M in a graph G is uniquely restricted if and only if there is no Malternating cycle in G. For a set X ⊆ V (G), let E G (X) = {uv ∈ E(G) | u ∈ X and v ∈ V (G) \ X}, and let m G (X) = |E G (X)|.
The exceptional graph family
We start with some properties of the trees in T .
Proof. For a tree T in T , the inequalities (3), (4) , and (5) hold with equality. Equality in (5) implies |A T | = = ν(T ). Equality in (4) implies |D T | = 2|A T | + 1, which implies that every vertex in A T has degree 3, A T is independent, and C T is empty.
By Lemma 1, every tree T in T has partite sets A T and D T .
Lemma 2.
If T is in T , and X ⊆ D T , then the following statements hold.
(ii) If |X| = 3 and no vertex in V (T ) \ X has 3 neighbors in X, then ν(T − X) = ν(T ).
(iii) If |X| = 4, no vertex in V (T ) \ X has 3 neighbors in X, and no vertex w in V (T ) \ X has neighbors u and
Proof. Let T ′ = T − X, and suppose that T ′ has matching number less than ν(T ) = |A T |. By Hall's Theorem, cf. [9] , this implies that there is a non-empty set
] is a forest with exactly 3|S| many edges, which implies that
\ X is adjacent to 3 vertices in X. This proves (ii). Hence, we may assume that |X| = 4, and that S contains two distinct vertices u and v. Since |N T (S)| ≥ 5 and |N T ′ (S)| ≤ 1, we obtain that X ⊆ N T ({u, v}). Moreover, since neither u nor v have all its neighbors in X and |N T ′ (S)| ≤ 1, it follows that u and v have a common neighbor w in V (T ) \ X, which is a contradiction.
The next two lemmas state that T is closed under contracting the edges of the subgraphs corresponding to (ii) and (iii) of Lemma 2, and that the Gallai-Edmonds decomposition is stable under these operations.
Lemma 3. Let T be in T . Let v ∈ A T , and let N T (v) = {u 1 , u 2 , u 3 }. If T ′ arises from T by contracting the edges vu 1 , vu 2 , and vu 3 , and w is the newly created vertex, then
Proof. Note that, since T is a tree, T ′ is a tree. By Lemma 2 (i), there is a maximum matching M in T that does not cover u 1 and u 2 . Since vu 3 ∈ M , the matching M \ {vu 3 } is a matching in T ′ , which implies that ν(T ′ ) ≥ ν(T ) − 1. Every maximum matching M in T ′ corresponds to a matching M ′ in T of the same size that does not cover v as well as at least two vertices in N T (v). By symmetry, we may assume that u 1 is not covered by M ′ , which, since
. If x = w, then let X = {x, u 1 }, and, if x = w, then let X = {u 1 , u 2 }. By Lemma 2 (i), T has a maximum matching M that does not cover the vertices in X. If x = w, then either vu 2 or vu 3 belongs to M , which implies that at most one edge in E T (N T [v]) belongs to M . By symmetry, we may assume that vu 2 ∈ M , which implies that M \ {vu 2 } corresponds to a maximum matching in T ′ of size ν(T ′ ) that does not cover x. If x = w, then vu 3 belongs to M , and, similarly as before, the matching M \ {vu 3 } is a matching in T ′ that does not cover w. Thus,
, and let M be some maximum matching in T ′ such that y is not covered by M . Then M corresponds to a matching M ′ in T of the same size that covers at most one vertex in N T (v), say u 1 . Since the matching M ′ ∪ {vu 2 } is maximum in T , and y is not covered by M , it follows that y ∈ D T , which is a contradiction. Hence,
, and w is the newly created vertex, then
The proof of Lemma 4 mimics the proof of Lemma 3 and is therefore left to the reader. Next, we define the graphs in B, see Figures 3-5.
• Let G 1 arise from K 4 by subdividing all edges once,
• let G 2 arise from G 1 by adding 3 independent vertices and edges as illustrated in Figure 3 ,
• let G 3 arise from G 1 by adding a 6-cycle and edges as illustrated in Figure 3 , and
• let G 4 arise from G 3 by adding 3 independent vertices and edges as illustrated in Figure 3 . Let B = {G 1 , . . . , G 9 }, and let B c = {G 1 , . . . , G 4 }. The following table collects some relevant information on the graphs in B. It also captures whether one of the following statements holds for a graph H in B.
(ii) ν ur (H − X) = ν ur (H) for every set X ⊆ {u ∈ V (H) | d G (u) = 2} such that |X| = 3 and no vertex in V (H) \ X has 3 neighbors in X.
While it is easy to see whether the statements (i)-(iii) hold for a graph in B, we determined their uniquely restricted matching number using a computer. Table 1 : The sign '✗' means that such a set X exists but the conclusion is not true while the sign '-' means that there is no such set X.
Before we proceed, we give some notation which will be used in the remaining lemmas of this section as well as in the proof of Theorem 3. For a graph G in G, let T be the host tree of G, and let H 1 , . . . , H k be the blocks of G isomorphic to a graph in B. Let I ⊆ [k], let G ′ arise from G by contracting the edges of H i for every i in I, and let v i be the vertex in G ′ corresponding to
, or u belongs to some block H i , in which case we say that u corresponds to v i .
For some uniquely restricted matching M in G ′ , we call M ′ the corresponding matching in G, if M ′ arises from M by replacing the edges uv i in M by uv for some v in V (H i ) that is adjacent to u. Since all edges in E(G) \ k i=1 E(H i ) are bridges, the matching M ′ is uniquely restricted in G.
Proof. Let M be a maximum uniquely restricted matching in G, and let
. By Lemma 1 and Table 1 , we obtain that
Let M be some maximum matching in T , and let M ′ be the corresponding uniquely restricted matching in G.
that is disjoint from M ′ , see Table 1 . Since all edges in
Hence, we obtain that
Our next lemma shows that Lemma 2 (i) essentially holds for the graphs in G.
Lemma 6. Let G ∈ G, and let
. Let M ′ be the corresponding uniquely restricted matching in
, which implies that there is a uniquely restricted matching M i of size
in H i that is disjoint from M ′ , see Table 1 . Since the matching M ′ ∪ k i=1 M i is uniquely restricted in G − X, we obtain that
Let G c be the set of graphs G in G such that no block of G belongs to B \ B c . Our final lemma in this section shows that Lemma 2 (ii) essentially holds for the graphs in G c .
Lemma 7.
Let G ∈ G c be such that it is not isomorphic to G 2 or G 4 , and let such that M i is disjoint from M ′ , see Table 1 . Since the matching
Now, we assume that X ⊆ D ′ T . Let i be such that it minimizes |V (H i ) ∩ X| among all nonempty intersections, and let G ′ arise from G by contracting the edges in H i . First, we assume that |V (H i ) ∩ X| = 1, say x 1 ∈ V (H i ). By Lemma 6, G ′ contains a uniquely restricted matching M of size at least
that does not cover x 2 and x 3 . Let M ′ be the corresponding uniquely restricted
that does not cover x 1 and is disjoint from M ′ , see Table 1 . Since the matching M ′ ∪ M i is uniquely restricted in G − X, it follows that
Hence, we may assume that |V (H i ) ∩ X| ≥ 2. By Lemma 6, G ′ contains a uniquely restricted matching M of size at least
that does not cover the vertices in X ∩ V (H i ), see Table 1 . Next, we assume that |V (H i ) ∩ X| = 3. Every vertex in V (H i ) that is adjacent to a vertex in A T has degree 3 in G. Since every vertex in X ∩ V (H i ) has degree 2 in G, this implies that that no vertex in X ∩ V (H i ) is adjacent to a vertex in A T . If H i is isomorphic to G 2 or G 4 , then H i contains exactly 3 vertices of degree 2, which must all belong to X. Therefore, no vertex in V (H i ) is adjacent to a vertex in A T , which, since G is connected, implies that G is isomorphic to H i , a contradiction. Hence, H i is isomorphic to G 1 or G 3 , and thus contains a uniquely restricted matching M i of size
that does not cover the vertices in X ∩ V (H i ), see Table 1 . Since V (M ) ∩ V (H i ) = ∅, it follows that M ∪ M i is a uniquely restricted matching in G − X and of size at least
.
Proof of Theorem 3
Proof of Theorem 3. Suppose, for a contradiction, that the theorem is false, and let G be a counterexample of minimum order. G is connected, not in G, and not isomorphic to H 1 or H 2 . Therefore, any proper induced subgraph H of G satisfies
Proof. Let H ∈ G be an induced subgraph of G and suppose, for a contradiction, that uv is the only edge in 
which is a contradiction. Hence, we may assume that G ′ has two components, and that both components H 1 and H 2 of G ′ belong to G. Let T H , T 1 , and T 2 be the host trees of H, H 1 , and H 2 , respectively. Let w H , w 1 , and w 2 be the vertices in T H , T 1 , and T 2 such that their corresponding vertices in G are adjacent to v. Let T arise from T H ∪ T 1 ∪ T 2 by adding v along with the edges vw H , vw 1 , and vw 2 . Lemma 1 implies that w H belongs to D T H , which implies that v belongs to any maximum matching in T . Hence, Theorem 2 (i) implies that
In particular, G arises from T by replacing some vertices of D T by graphs in B, which implies that G ∈ G, a contradiction.
Proof. Let H ∈ G be an induced subgraph of G with order at least 2 and suppose, for a contradiction, that uv and wx are the only two edges in E G (V (H)) such that u, w ∈ V (H). First, we assume that uv and wx are disjoint. Let G ′ = G − (V (H) ∪ {v}). By Lemma 6, H contains a uniquely restricted matching M H of size
that does not cover u and w. Since m G (V (H) ∪ {v}) ≤ 3, Claim 1 implies that at most one component of G ′ belongs to G, which, by the choice of G, implies that G contains a uniquely restricted matching M ′ of size at least
. Since the matching M H ∪ M ′ ∪ {uv} is uniquely restricted in G, it follows that
which is a contradiction. Hence, we may assume that uv and wx share a common vertex. First, we assume that u = w. , respectively. Since the matching M H ∪ M ′ is uniquely restricted in G, it follows that
which is a contradiction. Hence, we may assume that v = x. Let G ′ = G−(V (H)∪{v}). By Lemma 6, H contains a uniquely restricted matching M H of size
that does not cover u and w. Since m G (V (H) ∪ {v}) ≤ 1, it follows, by Claim 1, that G ′ is not in G, which implies that G ′ contains a uniquely restricted matching M ′ of size at least n(G)−n(H)−1 3 . Since the matching M H ∪ M ′ ∪ {uv} is uniquely restricted in G, it follows that
which is a contradiction. Proof. Suppose, for a contradiction, that H is an induced subgraph of G that is isomorphic to a graph in B \ B c . By Claim 2, H is not isomorphic to G 5 or G 8 since both have exactly two vertices of degree 2. Let X denote the set of vertices of degree 2 in H, and let G ′ = G − (V (H) \ X). Note that |X| = 3, which implies that G ′ contains at most 3 components. Since G is not isomorphic to H, there is a vertex u ∈ X that is not isolated in G ′ . Let H 1 be the component of G ′ that contains u. If X ∩ V (H 1 ) = {u}, then, by Claim 2, H 1 ∈ G. Therefore, at most two components of G ′ belong to G. If X ∩ V (H 1 ) \ {u} = ∅, then G ′ contains at most 2 components. In both cases, G ′ contains at most 2 components that belong to G, which implies that G ′ contains a uniquely restricted matching M ′ of size at least n(G)−n(H)+3−2 3
. As illustrated in Figure 4 and 5, H contains a uniquely restricted matching M H of size
that does not cover the vertices in X such that there is no M H -alternating path between any two vertices in X, which implies that the matching M ′ ∪ M H is uniquely restricted in G. This implies that
which is a contradiction.
Claim 4. G is not cubic.
Proof. Suppose, for a contradiction, that G is cubic. Let u be a leaf of some spanning tree of G, and let
which is a contradiction. Hence, we may assume that G ′ belongs to G. Clearly, G ′ is not isomorphic to G 2 or G 4 since otherwise G would be isomorphic to H 1 or H 2 . By Claim 3, G ′ ∈ G c and, by the girth condition, no vertex in V (G ′ ) \ N G (u) has 3 neighbors in N G (u), which, by Lemma 7, implies that G ′ contains a uniquely restricted matching M ′ of size at least
that does not cover the vertices in N G (u). Let v be any neighbor of u. The matching M ′ ∪ {uv} is uniquely restricted in G, which implies that
Claim 1 and 4 imply that δ(G) = 2. Let u be a vertex of degree 2, and let v and w be the neighbors of u. By the girth condition, v and w are not adjacent, and the only common neighbor of v and w is u. Let G ′ = G − {u, v, w}.
Proof. Since δ(G) = 2, G ′ contains no isolated vertices, which, by Claim 2, implies that at most one component of G ′ belongs to G. If no component of G ′ belongs to G, then G ′ contains a uniquely restricted matching M ′ of size at least n(G ′ ) 3 . Since the matching M ′ ∪ {uv} is uniquely restricted in G, we obtain that
which is a contradiction. Hence, exactly one component of G ′ belongs to G, which, by Claim 2, implies that , respectively. Since the matching M H ∪ M ′ is uniquely restricted in G, we obtain that Figure 6 : An illustration of Claim 8.
Proof. Suppose, for a contradiction, that there is some i ∈ [k] such that |V (H i ) ∩ X| = 1. By symmetry, we may assume that x 1 ∈ V (H i ). Let G ′′ arise from G ′ by contracting the edges of H i . Since n(T ) ≥ 2 and T is the host tree of G ′′ , it follows that G ′′ is not isomorphic to G 2 or G 4 . Hence, Lemma 7 implies that G ′′ contains a uniquely restricted matching M of size
that does not cover the vertices in X \ {x 1 }. Let M ′ be the corresponding matching in
that does not cover x 1 and is disjoint from M ′ , see Table 1 . Since the matching M ′ ∪ M i is uniquely restricted in G ′ − X, we obtain that
which is a contradiction to Claim 7. 
, . . . ,
such that no vertex in X is covered by them and all are disjoint from M ′ , see Table 1 . Since the matching
which is a contradiction to Claim 7.
Proof. Suppose, for a contradiction, that there is some i ∈ [k] such that |X ∩ V (H i )| = 2. By Claim 10, we may assume that |X ∩ D ′ T | = 2. By Lemma 2 (ii) and Claim 7, we may assume that the vertices in X ∩ D ′ T and v i have a common neighbor y 1 in A T . By the girth condition and symmetry, we may assume that X ∩ D ′ T = {x 2 , x 4 } and X ∩ V (H i ) = {x 1 , x 3 }. Let M be some maximum matching in T that does not cover the vertices in X ∩D ′ T , and let M ′ be the corresponding uniquely restricted matching in G ′ . Since v i is covered by M , it follows that
Note that, by the construction of G, y 2 ∈ V (H i ) ∩ X. By Claim 7, we may assume that H i does not contain a maximum uniquely restricted matching that does not cover y 2 and the vertices in X ∩ V (H i ). This implies that H i is not isomorphic to G 3 , see Table 1 . If H i is isomorphic to G 1 , then the vertices in X ∩ V (H i ) and y 2 have a common neighbor y 3 , see Table 1 . Hence, the subgraph induced by V (H i ) ∪ {u, v, w, x 2 , x 4 , y 1 } is isomorphic to G 3 , see Figure 7 . Let T ′ arise from T by contracting all edges incident with y 1 , and let z be the newly created vertex. G arises from T by replacing the vertices v 1 , . . . , v i−1 , v i+1 , . . . , v k by H 1 , . . . , H i−1 , H i+1 , . . . , H k and z by G 3 , which, by Lemma 3, implies that G ∈ G, a contradiction. Hence, H i is isomorphic to G 2 or G 4 , which implies that the subgraph induced by V (H i ) ∪ {u, v, w, x 2 , x 4 , y 1 } is isomorphic to G 6 or G 9 , see Figure 7 , a contradiction to Claim 3. Claim 12. There is some
. By symmetry, we may assume that x 4 ∈ X ∩ D ′ T . Since there is some vertex y of degree 2 in H i that is adjacent to some vertex in A T , it follows that H i is not isomorphic to G 2 or G 4 since y ∈ X. Therefore, we may assume that H i is isomorphic to G 1 or G 3 . By Lemma 6, the graph G ′′ that arises from G ′ by contracting the edges of H i contains a uniquely restricted matching M ′ of size n(G ′ )−n(H i ) 3 that does not cover v i and x 4 . Furthermore, by the girth condition, the vertices in X ∩ V (H i ) do not have a common neighbor in G ′ , which implies that H i contains a uniquely restricted matching M i of size n(H i )− 1 3 that does not cover the vertices in X ∩ V (H i ), see Table 1 . Since the matching M ′ ∪ M i is uniquely restricted in G ′ − X, we obtain that
We are now in a position to complete the proof. By Claim 12, we may assume that |X ∩V (H i )| = 4 for some i ∈ [k]. Therefore, H i must be isomorphic to G 1 or G 3 . First, we assume that H i is isomorphic to G 1 . Using the names specified in the left of Figure 8 , we may, by symmetry, assume that x 1 = v 1 , which, by the girth condition, implies that x 2 = v 6 . Hence, w is either adjacent to v 3 and v 5 or to v 2 and v 4 . In both cases, the subgraph induced by V (H i ) ∪ {u, v, w} is isomorphic to G 2 , which implies that G ∈ G, a contradiction.
Hence, we may assume that H i is isomorphic to G 3 . Using the names specified in the right of Figure 8 , we may, by symmetry, assume that x 1 = v 6 . By symmetry between v 2 and v 4 , we may, by the girth condition, assume that x 3 = v 4 . By Table 1 and Claim 7, we may assume that H i contains a vertex y 3 with neighbors y 1 and y 2 such that X ⊆ N H i ({y 1 , y 2 }). By symmetry and the girth condition, we may assume that y 1 has neighbors x 1 and x 3 and that y 2 has neighbors x 2 and x 4 . Therefore, y 1 = v 5 , which implies that y 3 = w 3 . Since x 2 and x 4 have degree 2 in H i , it follows that y 2 = z, that is, y 2 = u 5 . Thus, {x 2 , x 4 } = {u 4 , u 6 }. If x 2 = u 6 , then x 4 = u 4 , and the subgraph induced by V (H i ) ∪ {u, v, w} is isomorphic to G 4 , which implies that G ∈ G. Hence, we may assume that x 2 = u 4 , which implies that x 4 = u 6 . Therefore, the subgraph induced by V (H i ) ∪ {u, v, w} is isomorphic to G 7 , which is a contradiction to Claim 3. 
